We propose a family of coherence monotones, named the generalized coherence concurrence (or coherence k-concurrence), which has a close relation with the generalized entanglement concurrence. The coherence k-concurrence of a state is nonzero if and only if the coherence number (a recently introduced discrete coherence monotone) of the state is not smaller than k, and a state can be converted to a state with nonzero entanglement k-concurrence via incoherent operations if and only if the state has nonzero coherence k-concurrence. The generalized coherence concurrence can be considered as the entanglement-based coherence monotone.
I. INTRODUCTION
The superposition principle is a key aspect of quantum physics, and representative quantum properties such as entanglement are understood best under the framework of superposition. We can say that a state is nonclassical (quantum) if and only if it is a superposition of some classical state [1] . In the resource theory of coherence, classical states are in some fixed orthonormal basis set {i }
, and the coherence is a basis-independent quantity.
Since the quantitative formulation for measuring the amount of coherence is presented in [2], the coherence resource theory flourished in diverse aspects, e.g., finding new measures and monotones of coherence [3] [4] [5] [6] [7] [8] , understanding the relation of coherence with other correlations [9] [10] [11] [12] [13] [14] , dynamics of coherence [15] [16] [17] [18] [19] , and quantum thermodynamical approaches [20] [21] [22] (see [23] for an up-to-date review on the coherence resource theory). One of the interesting topics in this area is to understand the connection between coherence and entanglement theory. In [9] it was shown that nonzero coherent state can be used to create entanglement. Killoran et al.
[1] generalized this process, and provided a framework for converting nonclassicality (including coherence) into entanglement.
While discussing the conversion theorem, the authors presented an analogous concept to the Schmidt rank of entangled pure states, which is the coherence rank of pure states. This was generalized to mixed state case by [24] , where the coherence number was introduced along the Schmidt number of entangled mixed states. It is proved there that a state can be converted to an entangled state of nonzero k-concurrence (a member of the generalized concurrence monotone family [25] ) if and only if the coherence number of the state is not smaller than k.
In this paper we introduce another new coherence monotone, "generalized coherence concurrence" (or coherence k-concurrunce), which is organized to witness * sbthesy@skku.edu the coherence number and also has a formal similarity with the entanglement k-concurrence. It turned out that the coherence 2-concurrence from our construction is different from the coherence concurrence recently provided by [26] , so we compare the two monotones and l 1 -norm coherence monotone quantitatively. It will be seen that the coherence k-concurrence of a mixed state ρ, denoted as C (k) c (ρ), is nonzero if and only if r C (ρ) ≥ k, and the state ρ can be converted to a state with nonzero entanglement k-concurrence via incoherent operations by adding an ancilla system A set in a fixed incoherent state if and only if C (k) c is nonzero. This paper is organized as follows. In Sec. II, we briefly review the concept of the generalize entanglement concurrence and the coherence number. In Sec. III, we define the generalized coherence concurrence, and its relation with other coherence monotones such as the coherence number and the coherence concurrence recently presented in [26] . In Sec. IV, we derive the conversion theorem of the generalized concurrence between coherence and entanglement, and show that the generalized coherence concurrence is one of the entanglement-based coherence monotone set introduced in [9] . In Sec. V, we summarize our results and present some remaining issues.
II. REVIEW: THE GENERALIZED ENTALGEMENT CONCURRENCE AND COHERENCE NUMBER
In this section we briefly review the concepts of the generalized entanglement concurrence and the coherence number.
The generalized entaglement concurrence
The generalized entanglement concurrence monotone is a set of entanglement monotones for (d × d)-systems [25] . This is the generalization of the (2 × 2)-system entanglement concurrence [27, 28] .
where
Only when |ψ is maximally entangled C k (|ψ ) is equal to 1. The k-concurrence C k (ρ) for a mixed state ρ is defined by convex roof extension:
The k-concurrence of ρ is nonzero only when the Schmidt number of ρ is not smaller than k.
The last member of the concurrence family is named Gconcurrence, i.e., G d = C d . It has some convenient properties such as multiplicativity which are from the geometric mean form of the concurrence. The G-concurrence also provides a lower bound for the whole k-concurrence family:
This is useful to analyze some entanglement system such as remote entanglement distribution (RED) protocols.
The pure state k-concurrence can be rewritten in terms of |ψ that is not Schmidt-decomposed, i.e.,
which is given by [24] C k (|ψ )
Coherence number
The coherence rank of a pure state [1] is defined as
where the set {|c i } is the (classical) referential basis set that is relabeled, and ∀j : ψ j = 0. A pure state is nonclassical when r C > 1. There exists a unitary operation Λ on |ψ such that the Schmidt rank of Λ|ψ equals the coherence rank of |ψ . And the coherence number [24] is a generalized concept of the coherence rank, in a similar manner to the Schmidt number [29] .
Definition 1. The coherence number r C (ρ) for a mixed state ρ is defined as
For pure states the coherence number is equal to the coherence rank. The logarithm of the coherence number log[ρ C (ρ)] is a discrete coherence monotone, for the non-increasing property of the coherence number under incoherent operations is a direct result from the nonincreasing property of coherence rank under incoherent operations [4, 30] .
It is proved that the coherence number is a simple criterion for a state ρ to be a source for nonzero entanglement k-concurrences, i.e., ρ can be converted to an entangled state with C k (Λ[ρ]) = 0 if and only if r C (ρ) ≥ k [24] .
III. GENERALIZED COHERENCE CONCURRENCE
The coherence resource theory resembles the entanglement resource theory in many aspects, which is considered as an evidence that the quantum entanglement is a sort of derivative of coherence. Streltsov et al. [9] showed that a coherent state can be a resource of a bipartite entangled state through incoherent operations by attatching an ancilla system. A similar process is possible for quantum discord [12] .
In this section, we introduce a family of new coherence monotones that is designed to correspond to the generalized entanglement concurrence. Before tackling the main task, we summarize the axioms that the coherence monotones should fulfill [2]: (C1) Nonnegativity: C(ρ) ≥ 0 (a stronger condition: C(ρ) = 0 if and only if ρ is incoherent) (C2) Monotonicity: C(ρ) is non-increasing under the incoherent operations, i.e., C(Λ[ρ]) ≤ C(ρ) for any incoherent operation Λ, where Λ : B(H) → B(H) admits a set of Kraus operators {K n } such that n K † n K n = I and K n δK † n ∈ I for any δ ∈ I (the set of incoherent density operators). (C3) Strong monotonicity: C is non-increasing under selective incoherent operations, i.e., n p n C(ρ n ) ≤ C(ρ)
The conditions C1 and C2 are the minimal requirements for a quantity to be a coherent monotone, and a quantity that fulfills C3 and C4 naturally fulfills C2.
As mentioned in Sec.
II, the entaglement kconcurrence of a mixed state ρ is nonzero if and only if the Schmidt number of ρ is not smaller than k. Since the coherence number (rank) is the corresponding quantity in coherence theory to Schmidt number (rank) in entanglement theory, we expect that if there exists a coherence monotone that corresponds to the entaglement k-concurrence, the monotone would have a similar relation with coherence number to the relation of entanglement k-concurrence with Schmidt number. We name it coherence k-concurrence (in the generalized coherence concurrence family), which is defined as follows:
for a pure state |ψ = i ψ i |i is defined as
., (9) and C (k) c (ρ) for a mixed state ρ is defined by convex roof extension:
The normalization factor is multiplied so that the generalized coherence concurrence has a similar inequality order to the generalized entanglement concurrence, i.e., (11) which is straightforward by Maclaurin's inequality.
Theorem 1. C (k) c is a coherence monotone that satisfies (C1) to (C4).

Proof. The fulfillment of (C1) and (C4) is clear by definition, the strong condition of (C1) does not hold though (Theorem 2 below). (C2) is satisfied if (C3) and (C4) are satisfied, so what remains to prove is (C3).
For a pure state |ψ , we have
n is a positive real number), we have
where the last inequality comes from the relation
of elementary symmetric polynomials S k [25] . Since
we finally have
And when (C3) is satisfied for a quantity of pure states, it is also satisfied for the convex roof extension of the quantity to mixed states (see Appendix A.1 of [26] ).
Now we can find a relation between the coherence kconcurrence and the coherence number, which is basically identical to the relation between the entanglement k-concurrence and the Schmidt number.
Theorem 2. For a state ρ, the coherence k-concurrence C c (ρ) = 0. Then there exists a decomposition {p a , |ψ a } that satisfies ∀a : r C (|ψ a ) < k. So we have r C (ρ) < k.
Comparison of C
(2) c with the coherence concurrence Cc and l1-norm coherence C l 1
In the entaglement theory, the 2-concurrence in the generalized concurrence family is equal to the entanglement concurrence presented by [27, 28] . In the coherence theory, we can compare 2-concurrence with the coherence concurrence C c recently presented by [26] , which is defined as
for a pure state |ψ = i ψ i |i . C c (ρ) for a mixed state is the convex roof extension of the pure state monotone. We can directly see that
which extends to the mixed state case as
Then (11) gives
which means that C c (ρ) imposes an upper bound for the coherence k-concurrence family. Additionally, C c is in general not smaller than l 1 -norm coherence monotone, i.e.,
[26], but there exists a necessary and sufficient condition for C c of a mixed state to be equal to C l1 . 
for all non-zero components of ρ. For d = 2, they always coincide.
The proof is given in Appendix A. We can see that the equality C c (ρ) = C l1 (ρ) always holds for a real symmetric state ρ.
IV. THE CONVERSION OF CONCURRENCE FROM COHERENCE INTO ENTANGLEMENT
In this section we examine the entaglement convertibility theorem of the generalized concurrence monotone, and show that the generalized coherence concurrence is a entanglement-based monotone [9] , and the referential entanglement monotone is the generalized entanglement concurrence as expected.
We can obtain the conversion theorem for each coherence k-concurrence quite simply: Proof. This statement is derived using the coherence number, which links the generalized concurrences for coherence and entanglement theory. Theorem 3 of [24] and Theorem 2 gives
Now we consider what happens when the incoherent operation on the bipartite system is a unitary operation that transforms the coherence rank of a pure state to the Schmidt rank of the bipartite pure state,
where ⊕ represents an addition modulo d. This is often called the generalized CNOT operation. And
Then we have
for a pure state |ψ , and this equality holds for a mixed state ρ by the definition of convex roof extension, i.e.,
So we can say that the generalized coherence concurrence is a kind of entanglement-based coherence monotone (the statement above Theorem 3 of [9] ), even though for our case the ancilla system A has the same dimension with the initial system S, not infinite.
V. CONCLUSIONS
In this study we introduced a family of new coherence monotones, generalized coherence concurrence, which has a tight interrelationship with the coherence number and the generalized entanglement concurrence. We also compared the coherence 2-concurrence with the coherence concurrence of [26] and l 1 -norm coherence. It turned out that the generalized coherence concurrence is a monotone based on the entanglement coherence concurrence.
Considering that the coherence concurrence family shares some convenient mathematical properties with the entanglement concurrence family, we expect the geometric analysis of the system would give useful insights to understand the coherence resource theory just as the entanglement resource theory (e.g., [31] ). The relation of four quantities-the coherence number, the Schmidt number, the generalized entanglement and coherence concurrence-would have an interesting structure to pursue further in both mathematical and practial directions.
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Appendix A: The proof of Theorem 3
The hermiticity of a quantum state ρ is directly expressed as
The condition (22) restricts the phases of ρ ij 's as
Then the general solution of (A1) and (A2) is given with new real variables θ i by
(See, e.g., p40 of [32] ). So it is always possible to decompose ρ with 
and we have
Since the inequality C c (ρ) ≥ C l1 (ρ) always holds, we have C c (ρ) = C l1 (ρ). 
holds for all (j, k), the condition for C l1 (ρ) and C c (ρ) to be the same value is that (A10) is saturated for all (j, k). This is equivalent to
This completes the proof for d ≥ 3.
2. d = 2 case: Now ρ 12 can always be written as |ρ 12 |e i(θ1−θ2) , so following the argument in (a) of d ≥ 3 case, the coherence concurrence is equal to l 1 -norm coherence in d = 2.
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